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'\.\: MODELING END-GAS KNOCK IN A RAPID-COMPRESSION MACHINE
. *
W. B. Bush', F. E. FendellT, S. F. Fink!
. TRW Electronic and Defense Sector
X Redondo Beach, CA 90278
-'\J'
Yt Abstract Here further insight into end-gas knock is
YA - sought from a mechanical-engineering point of view,
e A rapid-compression machine is a laboratory as distinct from a chemical-kinetic point of view.
» apparatus to study aspects of the compression That is, a Shvab-Zeldovich-type* formulation of the
stroke, combustion event, and expansion stroke of one-dimensional unsteady laminar interplay of spe-
o an Otto cycle. As a simple model of such a machine, cies and heat diffusion, exothermic chemical reac-
o unsteady one-dimensional nonisobaric laminar flame tion, compressional heating, and heat loss is solved
";.: propagation through a combustible premixture, en- for an impervious noncatalytic variable-volume en-
o closed in a variable volume, is examined in the as-  closure. Such a model may suffice for a so-called
e ymptotic limit of Arrhenius activation temperature rapid-compression machine for cases in which igni-
o large relative to the conventional adiabatic flame tion is arranged such that a planar flame propagates
temperature, In this 1imit, a thin propagating parallel to one moveable (piston-like) end wall.
flame separates nondiffusive expanses of burned and  Often, such a machine serves as a conveniently in-
T unburned gas. The pressure through the enclosure strumented laboratory apparatus for detailed exami-
.-:\ is spatially homogeneous for smooth flame propaga- nation of compression and reaction (and perhaps sub-
T tion. However, expansion of the hot burned gas re- sequent expansion as well). In contrast, in an
‘N sults in compressional preheating of the remaining Otto-cycle engine multiple repetitions of the en-
o unburned gas, and in fact the spatially homogeneous  tire cycle (including induction and exhaust) are
! gas may undergo autoconversion prior to arrival of entailed, the flame propagation is highly unsteady
: the propagating flame. If such an explosion is too (“turbulent"), the flame is often predominantly per-
o rapid for acoustic adjustment, large spatial differ- pendicular to the piston crown, and the range of
2« ences in pressure arise and the resulting nonlinear  Parametric variation may in practice be constrained
N waves produce audible knock, Here attention ic con- relatively narrowly by cost and available equip-
%) cgntrated on ghat fraction (if anyzr of th? total ment®s*.
) charge may undergo autoconversion for a given oper- Accordingly, the following questions are ad-
o ating condition, and what enhanced heat transfer dressed: (l)gu%der what condigigns is the onset of
“o from the end gas would preclude autoconversion-- knock to be expected in a rapid-compression machine;
though too great heat transfer from the end gas (2) what fraction of the initial premixture under-
o $°"}‘; result in flame quenching (unburned residual goes autoconversion; and (3) what heat transfer from
) uel). the end gas would suffice for smooth flame propaga-
Yo K tion across the entire combustible mixture.
i‘-""' 1. Introduction 2. Formulation
b During nonisobaric flame propagation through _ :
an initially homogeneous premixture of combustible For 3 low-Mach-number flow in which fuel F and
oxygen 0 pass exothermically to product P (in the
n gases in an (in general, variable-volume) enclosure, resence of nitrogen N) via
::.. end-gas knock may occur. That ish the residu?l un- P 9
X burned gas is preheated prior to flame arrival by
2] compression, owing to]exp?nsioniof the already VEF +vg0 +wyN > v P o+ N, (2.1)
-y burned gas and possibly also owing to movement of where vi is the stoichiometric coefficient of spe-
) the walls of the enclosure; if this preheating re- Cles 1, the dimensfonal conservation equations for

sults in a high-enough unburned-gas temperature,

virtually the entire residual gas may undergo auto- '::i:," Sgﬁclﬁj'dg,’,‘,‘a’iﬁ"g"g’;.i"f.fﬁif §2”2‘3°"tg"§es,.
> ignition and rapid conversion to product in a spa- ’ * '

tially homogeneOu: eleosion. Th'i's phenomer]\on 1?

known as end-gas knock; because the temporal scale

of the abrupt local autoconversion may be shorter %%:— + 3—‘-‘;’—‘:'1 =0 : %“’; = p* | -a-‘L: = - pry* ;  (2.2)
than the acoustic-wave speed, the pressure field X X at

(well approximated to be a function of time only aY ¥ ay
during normal flame propagation) becomes spatially N N RS | ) (0*D*) il . "
nonuniform, and the resulting nonlinear waves inter- P |3T¥ * Y" 3x%| ~ ox* |\°P TXF) T W,

act with the walls to produce loud noise. In view -

of the current capacity to treat the exhaust of m* V1

Otto-cycle engines, the potential damage to engine is= F.O;Y1 ol ol (2.3)
components from end-gas knock is a major obstacle iv

to operation at high thermal efficiency, i.e., at

high compression ratio!s2.

*Consultant. Engineering Sciences Laboratory.

1.
< :taffiiggigeg. Exguﬂ""‘g Sciences Laboratory. *In particular, a direct one-step irreversible bimolec-
Dl t ssociate Feliow . ular second-order Arrhenjus-type global reaction is
e mers‘)f tzesT‘x:'c;;ﬂ iita{:t;ora to adopted, and no attempt is made to examine detailed
Y ness and Su Yy ry. chemical-kinetic rates and mechanisms.
" Copyright © American Institute of Acronsutics and

Astronsatics, Inc., 1984. AN rights reserved. 1
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p* = p* R* T+, (2.5)

n
'{:{ Here, t* and x* are the time and Cartesian spatial
. coordinates, respectively; u* is the gas speed and
E{: y* is the streamfunction; p* and T* are the density

and the temperature; R* is the gas constant for the
mixture, taken to be composed of species of compara-
ble molecular weight; p* is the pressure, taken to
be a function of time only from consideration of the
equation of conservation of momentum; Y and mi* are
the mass fraction and molecular weight, respggtive-
ly, of species i; m* = vp mg + v, m* + vy my; D*
and \* are the mass-transfer and Qhegmal-conductivity
coefficients, respectively, and cp* is the (constant
universall heat capacity at constant pressure; Q* is
the heat ot combustion per mass of premixture; and
w* is the reaction rate. The Lewis-Semenov number
is taken as a constant of order unity, i.e.,

{x*/c_*)
Le = SR const. ~ 0(1). (2.6)
It is also taken that
p*D* ~ p*N = fpc(t*) , (2.7)

Further, consistent with the nature of the formula-
tion,

R t\’F+v0 Ve Vo *  x
w*=B'T »p Ye ' Yy exp{-Ta/(T -Tuo)},(z.a)

*
where B‘* is the (constant) frequency factor; T, is
the (constant) Arrhenius activation temperature; Tao
is the uniform initial premixture temperature, intro-
duced to modify the Arrhenius factor so as to pre-
clude the "cold-boundary difficulty"; and a charac-
terizes the preexponential thermal dependence of the
reaction rate. Here, o = {(vF+v0)«l} is adopted.

It is convenient to adopt the von Mises trans-
formation (x*,t*) » (y*,t*), where the streamfunc-
tion y* is defined in (2.2). Under this transforma-
tion, the species and energy conservation equatfons,
(2.3) and (2.4), become

oY aY Ve v
36 - (04°0%) ggar = - B (e /R v F v 0

exp{-Ta*/(T*-T;o)},f=F.0o (2.9)

ar*

5o - Le(p*"D*)

2T# * Ve v
P
T* 1 dp*
exp{-Ta*/(Ta-Tzo)} + Tc?/_RFY - EQL' . (2.10)
The mass conservation and mapping equations are

ur . 3 (1) ax*_ 1
EUA 1 A R TR L

For nondimensionalization,

(2.11)

AT e @~ e e -
e . A

t* *
t= y P —11%—1 ; (2.12)
(L uge) v Puo o
Y (w*at*) Y (y*,t*
Y{y,t) = _jLV . {1-9) Lil;i_,_l._ 1, ,
Fu ¢ 0b
T*(w*’t*) - T"
T(y,t) = —T—r—_'*rr-ﬂ ; (2.13)
bo uo
plt) = f%&-*l ; (2.14)
0
p(t) = BXEE) gy, = WOSE)
uo uo
x(p,t) = ﬂ{-}tﬂ- (2.15)
)

Here, the subscript u denotes unburned-premixture con-
ditions, the sutscript b denotes burned-state condi-
tions at the flame, and the subscript o denotes ini-
tial conditions. Specifically, ug is the initial
adiabatic-flame speed, and Ty is %he initial adia-
batic flame temperature. Also ¢ = (yFu/Y u) is the
equivalence ratio, with ¢ < 1 for cases of interest,
30 Y, bz 0. Henc§, with ¢ = {¢/§1 -{$2} ?5*7rq$; uni;y.
= (Yoy - Y = Yeu/®y and T = + c Y
(?gcludt% Ib‘" Fu TJ&&“(Q*/CP" )Y‘,?u )." Note also tggt
- *
Po = Pyo R ?uo-
. Thus, the nondimensional species and energy equa-
tions are, for o, n = 1, and Vgs Vg = 1,

aY 3%y
3t T EP

= - =LA pY(1+ oY) expl- 8(1 - I/}, (2.16)

2

gT -elep g$}

-4 ¥-1) (1+KT) d

= L agpv(1 + o) expleg1-m)/my+ OZ1L (LKD) 5,
where (2.17)
e = (Dp/ugd/Lg<<l , (2.18)

B = T/ (Tgg - Tgo) >> 1, K = (T - T )/Tio=001),

_ JR® *2 L -vo a _

Ag=(B' D /uyy Mpg/R )% Oy exp(-8) > 1,(2.19)
= * * = * - R*

Y= C /cv cp /(cp' R*) > 1. (2.20)

The nondimensional state, continuity, and mapping
equations are

. u_ 3 (1) 3 (k1)
orxkr 3 - o (33 (45
g_%.%.i__l“f . (2.21a,b,c)
From steady (isobaric) fuel-lean laminar flame
propagation, for g>>1, it is known that, for v = i,

= 82 -1 =

Ay = 7 Ter [} + 0o(8 i} for ve=1,
where the higher-order terms are known but are not
utilized here,

In this formulation, the fixed wall is located
at x = 0; the moving wall is located at x = L(t), with
L(0) = 1. Under the von Mises transformation, with
the fixed wall located at y = 0, the moving wall is

{2.22)

e e .
W R U
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}ocated at ¢ = y(t), with ¥(0) = vy = const. > O,
.e.,

X
W=L°dx1=

L L dxl
V=] pdx; =p TIKTT -
0

In general, the initial conditions for this flow
geometry are

Y+1, T-0 (p+1) as t-+0 for ¢ > wfo-»o .

(2.23a)

(2.23b)

(2.24a)

Y+0, T+1 (p>1) as t+0 asw-'(wfo)- . (2.24b)
Note that, subject to (2.24), it follows from (2.23)
that Y5 = 1. In general, if both walls are imper-
meable noncatalytic adiabatic ones, the boundary
conditions are

aY aT

A —é'w— ’ W"O, x,u+0 as yp+0 (t > 0), (2.253)
N 2, 3Le0, x>L(t), usL'(t) as y=1 (t>0),
"gt v (2.250)"
"'}J .
'&{:; The jump conditions at the flames are
N [¥] - t-vo=-n. [r]=p-m1
SR -
}ﬁi at y=ye(t). (2.26)
tf' 3. External Hydrodynamics of Flame Propagation
b N
*}? Exterior to the thin-flame structure, there is
o an unburned region, defined by y¢(t)<y<1, and a
burned region, defined by y¢(t) >¢>0. In both
A these unburned and burned regions, the diffusion and
= reaction-rate contributions are taken to be negli-
A uf gible, so that the species and energy equations,
A (2.16) and (2.17), reduce to
T Y o AT (y-1) (I+KT) dp _
N.o, I Y—U-R—lp * - (3.1,2)
: Here, the unburned region, y¢(t) <y<1, is considered
PP to consist of a bulk-gas region, ye(c) <w<y;, and an
Y end-gas region, y;<u<1, where ¥; (given) denotes
~ the interface, or contact surface, between the bulk
::‘ gas and the end gas. This division of the unburned
N region holds for O<t<t;. When t=¢t;, all the un-
\: burned bulk gas has been burned, i.e., yge(ti) =yj.
- #On physical grounds, since pressure is spatially in-
\ variant, results depend on wall separation as a
Gxu functioﬁ of time; as long as the temporal history of
o~ wall separation is the same, results are fnvariant
" to which (or both) end wall moves. Aliso, from
\’ (2.19) and (2.22), altering some parameters not only
N alters dimensionless groups, but also alters the de-
. rived quantity ug,, so that the temporal scale and
- the streamfunction scale used for nondimensionali-
O K 2ation are altered. Thus, for example, altering the
S 4 value of the activation temperature T.* changes the
G value of 8 and uyy, so not only may the value of T
S at any value of ¢ and t (in general) be altered,
.$\f but the associated dimensional quantities ¢* and t*
«PWT are altered. Finally, in a straightforward general-
ization of (2.24), sparking need not occur neces-
A sarily at time t = 0; e.g., compressional heating
gy owing to wall motion may occur for a finite time
e interval before sparking initiates flame propaga-
L
\ ad tion. 3
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o
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For t>t;, the unburned region consists of just the
end-gas region. To distinguish among these regions,
the following notation is introduced:

unburned bulk gas
Y(pot) = Yy(u,t), T(u,t) = Ty(u,t),

y=k for pe(t) <y<yy; (3.3a)
unburned end gas
Y(wat) =X, (vat), T(wt) =@y(v,t),

y=u for yj<y<l; (3.3b)
burned bulk gas
Y(p,t) = Yo(w,t), T{y,t) =Tplu,t),

v=0 for ¥i>ye(t) >y>0; {3.3c)
burned end gas
Y(w‘t)= xb(Wrt)' T(th) = ®b('yst)v

vy=T for wf(t)>w>wi. (3.3d)

For the unburned bulk gas, (3.1) and (3.2) become
ay T (14K T )
u _ u gx-lz u’ dp _
3t 05 Nt - O

The solutions of (3.4), subject to the initial condi-
tions for this region,

p{0) =1, Y, (v,0) =1, Ty(y,0) =0, and
V(07 <Y <uy,
with p£(0) =vge+0, ¥; const. (to be specified), are

(3.4a,b)

(3.5)

1 {k-1)/x
Ya(0at) = 1, Ty(0,t) = Ty(t) = == {p(t)} .
In a similar manner, for the unburned end (3 5, )
gas, the solutions of .6a,
& 3 (1+k@®,)
. u._ (u-l! v’ dp _
0 et —— e =0 (3.7a.D)

subject to the initial conditions

p(0) =1, Xy(y,0) =1, @y(v,0)=0, and yj<y<1,(3.8)
are

(u-1)/u
Xa(st) =1, @ulv,t) = @ult) =—}r[{p(t)} -1

(3.9a,b)
For the burned-bulk-gas region, (3.1) and (3.2) become

3y aT (14K T,)
by Zb_fo-1) " " b’ dp _
T T % a0

The solutions are of the forms

1 (0"1)/0
p(9t) =H(8), Tolat) = | Fpl{p(e)} -1
At the flame,
Yo(we(t),t) = Hpwe(t)) : Ype(t) = Hpe(t)

(3.10a,b)

(3.11a,b)
(3.12a)

'}(c-l)/o

Tplwe(t),t) = —%—[Fb(w(t){p(t) -1

(o-1)/
be(t)=—,l(—{}bf(t){p(t)} ’ 0-1] . (3.12b)

For t <t; and/or yg(t) <y, the jump conditions at the
flame (between the unburned bulk gas and the burned
bulk gas) yield

Yoe(t) =0 = Yp(y,8) =0, (3.13a)

“w O . \‘.-_‘ .
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{k=1}/x
< p(t) +K (W -9)  (1-ys)
% Toelt) = {170} > Fy(e) - L—Lm—o-l 75 - Auloet) L) - — T (3.17)
Y {p(t)} (3.13b) {p(t)} \p(t)}
.N‘
- Similarly for t>t;, and/or ys(t) > yj, Note that
(T-1)/T vi-we(t)r (1-yy)
plnet) =0, @pleat) - [pn{pto)} s X = xel0) = L) - {’( e {——)—}173
p(t pit
(r-1)/1
@bf(t)sjlr[sbf(c){p(t)} 1] C Bl (3.18)
A]SO, ax ‘ , "t 1 (‘P ’W)
@bf(t)={1+®u(t)}%bf(t)= VT ( ) g
1-y,
{p(t)} —‘1‘—————1‘73 . (3.19)
3.1 Yg(t) < y; (Flame in the Bulk Gas) {P(t)}

For t<ty and/or ye(t) <y;, integration of the
mapping equation, (2.21a), over the domain 0z y%1
yields

LL(t) L“’f(t)J 14K Tb(w.t)}

dx = plt dy +

Vi {1ek T (0,t) ! il"K@u(“’-‘)[

L L—E?t‘)_l dy + L ey W

ft) i

. Pe(t)
L(t)= Fp(t) d
(t) WL p(t) dy+
foi-ww}  a-w)

{p(t)}”" ' {p(t)}”"

Upon multiplication by {p(t)}1/°
of (3.15), with rearrangement, produces

‘(t I_LK-O) iwi"pf(t)} .
P ) L(t){p(t)}""

-

(3.15)

L
g

(X‘Wi) . L'(t) wa'(t)
1/ te) -
L(t){p(t)} . () Liee(e)

Integration of the mapping equation over the
unburned domain <y, <1, with ¥ >y (t), yields

dx = oTt dwl+

Jet)

Ll {l + K®u(w1.t)}

{p-0)

=0 ., (3.16)

plE) &y

i

, the time derivative

a

X , P - pe(t)

{p(t)}UK ¥

1 (1-w1-)‘|+ ve'(t)
* {p(t)}w—J {p(t)}l/'<

Thus, the flame speed, the difference between the
speed of the flame front and that of the unburned
gas at the flame front, is

(3.20)

ve' (t)
S =S(t) = [X'(t) - Tlim u (W.t)]=_‘_' .
f W"‘l‘f(t){ 4 } {p(t)}l/K
(3.21)

In Appendix A, it is determined that, for a,n=1 and
VsV = 1, the flame speed is

S(t) = {1 + KTu(t)} {1 + Tu(t)}’ exp[ﬂ Tu(t)/Z{l +Tu(t)ﬂ .

(3.22)

It may be shown that {3x, (v,t)/3t} = u (v,t) is
continuous at y=y;, i.e., is continuous actoss the
contact surface belween the unburned-bulk-gas region
and the unburned-end-gas region. :

Thus, with the motion of the moving wall, i.e.,
L(t) and L'(t) and the interface location y; speci-
fied, the pertinent initial-value problem becomes
(3.6b), (3.9b), (3.16), (3.21), and (3.22), subject
to

p(0)=1. Tu(o) =0 ’ 1

(3.23)

1

From (3.16) and (3.23) for L'=0, k=0, $j=1, one
recovers the following classical results, if p= P
when ye=1:

- - t)-1 _
p(t)-l- OKUJf(t) "pl-l-OKﬁ% -Wf(t)-
This implies that the peak value of 'ru is

(x-1)/x
(Tu)mﬁlr[{“""} 1:] X
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. In turn,
This problem terminates when t = tj» such that !
ax !

Pe) = o Tyle) = Ty @60 = @ypavglty) =wyn 5 (nat) =uylvat) = L) + BN L (20
(3.24) {p(t)}
where pi, Tyi, ®ui are found in the course of so- j
lution. Here, the motion of the moving wall is ap- 4 1‘%(”}
proximated as dxg () = x(t) = L' () + ) |1 |
dt f p'_(t")_‘ TR VI j
L(t)=[1a{ CRCR' 1} (1-c05wt)] , {p(t)}

L‘(t)=-{%’}%—,§r1}(w sinwt) , (3.25a,b) _wf_(L . (3.30)

1/u
where (CR)(>1) is the compression ratio (Lmax/Lmin) {p(t)}
= (YLlpin), and w (= 2mQ=2m{Q*/(uk,/Lg )}, with Q*

the number of revolutions per unit %ime) is the 1

(nondimensional) frequency. Thus, the flame speed is

2 S, . Ve (t)

3 ye(t) >yi (Flame in the End Gas) $=5(t) = E(fl(t) - lim {uu(w,t)} . f i
For t>t; and/or y¢(t) > i, integration of the wwf(t) b

mapping equation, (2.2la), over the domain 0% y%1

yields (t) where, for a,n=1 and vp,ve=1,
f

L(t) = -—-1—175 j%Fb(w)dw———le Lw Gply)dy+  S(t)= {1 + K@u(t)}{l + (rDu(t)}z *
{peer} " o {pie)}
! exp[ﬁ@u(t)/z{l-t@u(t)}:} . (3.32)

1-u(t) (3.26) Thus, for this domain, the pertinent initial- i’

Tl . value problem is given by (3.9b), (3.27), (3.28) 4

{p(t)} (3.31), and (3.32‘)], where ;
plti) =psr @y (t5) = @ g0 velty) =y - (3.33)

Thus, for this case,
The problem nominally terminates when t=t], such

(9, (u-0) {roven} o

< i v ot =pps @it = ® e velty) =1 . (3.3)
L(t){p(t)} The above generalization of earlier, variable- K
velt) volume-enclosure work” entails a flame speed which
f is derived from the adopted reaction rate (cf. Sena-
Gb(w)dw chin and Babkin®) and which reduces to the laminar
Kpe'(t) isobaric value as t+0 (cf. Shivashinsky?).
(T-0) ¥i SdL(Y) T'f =0 .
/7 T Treypley s 4. Discussion
L(t){p(t)} (3.27) First, in Appendix B it is shown that for cir- ‘
' cumstances of interest, heat transfer (to slippery J
where it is approximated that noncatalytic side walls) may be simulated conveni- )
velt) ently by assignment of values to the polytropic con- L
(Vf vel(t) - v, stants k, u, g, and T; i.e., the polytropic constants 1
Gy (y)dy = {Gb(wf(t))*G,J(wi)} »(3.28a) effectively are equivalent to introduction of heat-
transfer coefficients. The smaller the value as-
i signed to a polytropic constant, the greater the heat
(u-1)/u transfer in the associated domain. While adequate "
plt) +K p (u-l)/u,,K experimental identification of polytropic constants :
G (velt)) = XAL i {or heat-transfer coefficients) seems yet to be re-
pi¥e T-1J/T * “p'*i p T-0y/7 - ported in the literature, the consequences of assign- }
{p(t)} i ing relative values permits comparison of heat- <
{3.28b) transfer requirements for varying parametric condi- I
Integration of the mapping equation over the (end- tions.
gas) unburned domain y<1, with y3yc(t), yields Second, in singular-perturbation terms, end-gas )
knock is the physical manifestation of the possible
1- - - nonuniform validity in time of the asymptotic ap-
xu(w’t) =L(t) - Bu ’ xu(wf(t)'t) xg(t) proximation (based on 8>>1) that the reaction-rate L
p(t) contribution is negligible in the unburned gas; how- 1
ever, the asymptotic approximation (based on ¢ << 1) )
1-ye(t) that the diffusion contribution is neqligible remains {
L(t) - v (3.29a,b) uniformly valid. Thus, if one retains chemical re- 1
{p(t)} action terms in (2.16) that were discarded in writ- \
ing (3.1,2) because the terms were taken as expo- :

nentially small, then one has
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ALy evaeen exp{-s(x-r)/r} L@
_g{_=—:— Ay PY (1+0Y) exp{-B(l-T)/T} +
(y-1) {1+KT) dp (4.2)

Y Kp dt °

where (Y(v,t), T{v,t), ) = (Y §t)' Ty(t), ¥) in the
unburned-bulk-gas region and (V Vyt), T(W,t), v)~+
(Xu(t),qz) (t), u) in the unburned-end-gas region.

It is recalled that adjustment of the polytropic con-
stant v simulates the effect of heat loss. The
above problem, subject to the initial conditions
Y(0)=1, T(0)=0, is a variant of the classical spa-
tially homogeneous, nonstationary ignition problem,
in which the criterion for an explosion selfsus-
tained against heat loss is sought. Here compres-
sional heating, as reflected in the pressure p{t)
raises the temperature of the premixture; clearly, as
T rises in time, the reaction-rate term may become
comparable to the other terms in the energy equation.
If one substitutes the pressure, p(t), from solution
of the probiem posed in Section 3, then one can ob-
tain an indication from (4.1) and (4.2) whether sig-
nificant autoconversion occurs in the end gas prior
to completion of flame propagation. 1f modest
autoconversion causes pressure rise in time dur-

ing flame transit beyond that accounted for in

the theory of Section 3%, that development is not
easily generalized to include it.* Of more concern

is very significant autoconversion of unburned gas
on a time scale comparable to, or less than, the time
scale for completion of flame propagation. Espe-
cially if the time scale is less than that for com-
pletion of flame propagation (and less than that

for acoustic adjustment), there occurs effectively

a constant-volume explosion of the unburned gas.

Such a relatively instantaneous reaction of unburned
gas results in a pressure in the end-gas region
higher than the pressure in the rest of the gas.

The consequence is nonlinear pressure waves, and an
audible sound from sympathetic vibration of engine
components. However, there is no incentive to pur-
sue solution into this spatially-nonuniform-pressure
domain because the above formulation is inadequate.

Standard asymptotic solution for B>>1 of (4.1)
and (4.2), or even of (4.2) with reactant consump-
tion ignored (i.e., Y=1), suffices to establish
that, for plausible parameter assignments for
hydrocarbon-air premixtures of automotive interest,
autoconversion becomes effectively instantaneous
relative to flame-propagation speed over (say) a
half centimeter for unburned gas temperature on the
order of 1025 K;* practical experimental data for
nonisobaric combustion also give this value.! Mathe-
matical treatment beyond that in Appendix C seems
of limited engineering utility.

Thus, the following computational procedure is
evolved to answer the questions posed in the last
paragraph of Section 1. First, with x,0 taken as
given and y; set equal to unity {so there is no end
gas), the fjrst initial-value problem posed in Sec-
tion 3 is carried out for the parametric assign-
ments of interest. If it hold uniformly in time
that the temperature of the unburned gas T5< 1025 K
{for specificity), then knock is taken not to occur.
If, however, T reaches 1025 K for yg(t) <1, then
that value of 3f is taken as y;; i.e., Y is the
fraction of the charge identified as bu 1 gas and
(1-¥;) as end gas. Then, with T taken as given, by
tria{ apd error, the largest value of u is sought for
which v 1025 K as Y, +1. That is, the minimal

amount of heat transfer from the end gas is sought
such that significant end-gas autoconversion barely
js precluded. In this manner, the fraction (if any)
of the charge that would undergo rapid autoconversion
is identified, and the relative heat-transfer provi-
sion to preclude such autoconversion is detemmined.

In the present formulation, with adiabatic end
walls, heat transfer is effected through (noncataly-
tic slippery) side walls, Incorporation of finite
heat transfer through end walls would necessitate
introduction of thermally diffusive layers in the
vicinity of ¢=0,1; while such boundary layers would
thicken in time, they would remain thin relative to
the flow-domain length, for the time span and the
parametric assignments of interest (¢ <<1). Such
end-wall quench layers have been examined in other
contexts ; their introduction in the present context
would seem to incur nonessential complication, such
as end gas in a nonuniform thermodynamic state. The
only precaution {already noted) is that very exces-
sive heat transfer from the end-gas could so retard
flame propagation that expansional cooling (from
piston motion) would leave residual unburned pre-
mixture on time scales of practical interest.

5. Computational Examples

A limited number of examples now are presented
of the procedure discussed in the penultimate para-
graph of Section 4. For brevity of reference, the
following assignment of (mainly) dimensional param-
eters is termed nominal:

* * *

Tuo= 300 K, Tbo= 1800 K, Ta= 15,000 k, ¢=0.8,

* . 2 * - *= _
Duo 0.1 cm?*/s, Uso 40 cm/s, L0 10 cm, Le = 1,

Q* = 20 rev/s. (5.1)

It is consistent with these assignments to adopt the
following "nominal" values for dimensionless param-
eters (the parameter ¢ does not enter the calcula-
tions--its value is given only for completeness):

B=10, A=50, K=5, ¢=4, ¢ =2x10"", w*31.4,

= 135°,
9 (5.2)

The last assignment, alluded to earlier in the foot-
note to (2.25b), implicitly gives the time of spark-
ing, more precisely, the time at which flame propa-
gation commences. That is, it is defined that

0 = wt, (5.3)

so at the beginning of compression t=0, it holds
that 6 =0, which corresponds to "bottom dead center"
[L=1, the maximum value of L, from (3.25a)]. At 8 =
8iqs assigned, i.e., at tjg = 0j5/w, the variables
\»fg(t) and xf(t). held at zgm foF D<t<tjg, take on
values consistent with (3.21) and (3.18). “While
sparking and compression could commence simultaneous-
ly so tig’ 6ig=0, in general sparking occurs after
a finite 1ntegval of compression, so tig >0. In the
nominal case, 68j4 = 135°, or flame propagation com-
mences after about (6/7) of the length of the (com-
pressional) stroke. A1l parameters are held at
their nominal values through the computations unless
it is explicitly stated otherwise.

Onset of knock is taken to occur at T,-0.4,
or, from (5.1), at a temperature of 900 K--a value
slightly lower than that cited elsewhere in this
paper.,

u=lA.K=1A.T=1A.o=1A.CR=6,%
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The nominal case is found (by design) to be
just barely knock-free. Computation indicates that
combustion is completed at t *0.088; since the basis
of nondimensionalization is (L*/u;°)= 0.25 s, com-
bustion lasts 22 ms, or about %hree-to-fcur times
longer than in a typical Otto-cycle-type automotive
engine. At the completion of burning, T,=0.399,
p46.6, 6=157°, L=0.197, whereas at the start of
burning t=0.075, 7,=0.129, p=5.69, L =0.289. As
with all cases to be examined, combustion is com-
pleted during the compression stroke, i.e., the
crank angle 8 <180°; of course, in an automotive
context the combustion interval is likely to be
(very roughly) symmetric with respect to the time of
piston position at top center.

If the polytropic constant of the burned gas o
is reduced in value from 1.4 to 1.1, all other
parameters being held fixed, then at the completion
of burning t=0.089, T
L=0.192, whereas at tKe start of burning the cor-
responding values are {of course) those given in the
preceding paragraph. Since modifying the heat
transfer from the burned gas is seen to have but
modest effect on the temperature of the unburned
gas, this parametric variation is not pursued here
further.

Table 1 presents results for four parametric
variations, all selected to incur knock. The heat-
transfer requirement from the end gas that pre-
cludes knock is identified in the form of the maxi-
mum value of u (denoted uc,j¢) that still permits

< 0.4 at all times during the combustion event.
Further results for the case CR=12 are presented
in Figs. 1- 3, and further results for the case
K=3, in Fig. 4-6; the other two variations exam-
ined are 0;4=165° and w=51.6. These cases entail
between 13% and 57% of the initial combustible mass
being involved in autoconversion (in the absence of
augmented end-gas heat transfer), and in this sense

=0.378, p=40.945, 6=159.8°,

poisons exhaust-gas-treating catalysts), it remains
to be seen whether retention'! of detailed chemical-
kinetic rates and mechanisms for fuels of practical
interest can assist identification of a substitute,
envirggmenta]ly acceptable knock-inhibiting addi-
tive,

Appendix A. Flame-Zone Structure

As in the unbounded (isobaric) case, the
structure of the flame zone for the bounded (non-
isobaric, enclosed) case for e << 1, with 8>>1,
consists of two regions: a convective-diffusive
region, and a diffusive-reactive region. The
results presented are for a,n=1 and VeV = 1

For the convective-diffusive region, the ap-
propriate transformation of variables is (y,t) -
(£,t), where

“
e !

Evatie.) = MDE(:8) | () - /e
The domain of this region is -»<g<0, t>0, such

that the unburned exterior region is approached as
£+ -, Further, the flame speed is taken to be

S(ts...) = vt /(e =

(A1)}

V(t)E(t,B)l:l+0(3"):| . (A.2)
Here, _
E(t:8) = exo 8(T, (1) - 11727, (t)] -
exo[_BTu(t)/Z{uru(t)}] ; (A.3)
Mt) = {Tp(t)}? = (1 + 7, (1))%, (A.4a)

v(t) = eI oy -amr ()T (032
(A.4b)
Note that £~ (-y)/c and S+1 as t-+0, such that the

represent a spectrum of cases. On Figs. 2, 3, 5,

oo and 6 it may be recalled that x;(t), the interface unbounded case is the initial condition of the
S between the unburned end gas and the unburned bulk bounded case. It is through the matching of the
) gas, is not defined for xg(t) > x;(t), and accord- solutions of thIS cqnvect1vetd1ffusyve region w@th
' ingly is neither computed nor plotted. It may be those of the diffusive-reactive region that it is
e noted that the larger the fraction of end gas (i.e., Py
oy the smaller the value of ¢;), the larger the heat- The evolution of a planar flame propagating
j;? transfer requirement to preclude knock (i.e., the through a not-too-far-from-stoichiometric premix-
DO smaller the value of “crit)' However, it is note- ture enclosed in a long-enough constant-volume duct
'{f%{ worthy that reduction of K (from its nominal value to a so-called tulip??*!® shape may be evidence of
S of 5) to 3, while B is held constant, implies T) is  a “mini-knock" event.!* It is observed that such a
el altered from 300 K to 450 K; since T,=0.4 is re- flame ultimately propagates less rapidly in a duct
= tained as a knock criterion, T* =990 K becomes the at midheight (relative to near-ceiling and near-

temperature for explosive conversion of reactant to
product gas.

As a cautionary note concerning other paramet-
ric variations, it may be noted, for example, that
if Yp, is altered, then ¢ and Tp, are altered, from
the discussion belew (2.15); hence, B, A, and K are
altered from (2.19) and (2.22), but also u*

o, (uti-
lized in the nondimensionalization of time g* and

floor flame position). Although the temperature in
the compressionally-heated unburned gas may not
exceed about 600 K in such tests, perhaps cool-

flame (and possibly other subsequent, modestly exo-
thermic, low-temperature) reactions engender enough
end-gas counterflow to the deflagration-wave speed
that flame progression is retarded at duct midheight;
presumably friction inhibits the counterflow near

. the piston-speed parameter Q) is altered frum ceiling and floor, so the flame locally propagates
o (2.19). relatively unimpeded.A Incidentally, for long-enough
ey 6 Concluding Remarks tubes, or for tubes of small-enough cross section,
e - spatial gradients of pressure plausibly arise such
SO The present development has concentrated on en-  that the tulip-flame-shape effect could be observed
A hancing heat transfer as a countermeasure to end- even if the extremity of the tube near the burned
'."' gas knock. Another (perhaps complementary) strategy (or even unburned) premixture were open to the atmos-

is to seek fuel additives that inhibit end-gas auto-
- conversion without impeding flame propagation,
b While trial-and-error testing yielded the knock-

phere.'? Since the end-gas temperatures are typi-
cally over 1000 K for knock, the significance of
cool-flame (and possibly other subsequent 1ow-tem-
perature) reactions in rapid-compression machines
under knocking conditions is unclear.

- inhibiting fuel additives of the pa<t (such as tet-
) raethyl lead, now constrained from use because it
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y demonstrated that (A.2) is the correct asymptotic T(ysts...) :Tb(t) - R YT (t)}ZG(n,t;...)D +o(5'1ﬂ
r{_ representation of the flame speed. b -
'\ For this region, the dependent variables are of .
- the forms 9 P S LT 1671+ T (0)136(n s )
;4 Nwﬁau.)=H£an.)E+0(E‘ﬂ , {(A.5a)
' [1**0(8“{} . (A.14b)
-
~ T(\h.t;...)=F(€,t;...)[1+0(6“)J : (A.5b)
~7 . . ) For g <<l and g>>1, under these scalings, to
,'-‘». Thus, for these scalings, the specific time-deriva- leading order of approximation, for this region,
? tive terms and the reaction-rate terms can be ne- the convective terms can be neglected, and {2.16)
glected, such that, to leading order of approxima- and (2.17) become
tion, (2.16) and (2.17) become )
A 1
2 = -
W%, (A.6) 307 - zrez b exe(-6), (A.15)
3°F _ aF e 26. 1 7 exp(-6) (A.16)
le 3¢z - 5 = O- (A.7) m? ~ e P ‘ :
The boundary conditions for these equations are The boundary conditions are
X+l, F~>Tu as £+~ (A.8a) Z,6>0 asn=+w; (A.17a)
X+0, F-»Tb= (1+Tu) as £-+0. (A.8b) 1,6 »® asn -+ - . (A.17b)
The solutions of these convective-diffusive-region 8 .
y subtraction of (A.16) from (A.15) anc ~~o of
boundary-value problems are (A.17), Z = LeG. Then {A.15)-(A.17) red <
X(£,t) = E - exp(gil . (A.9) 2
35 = gl 6 exn(-6) ; (A.18a)
F{g,t) = Eu(t) +exp(§/Le):, = G+0asn+w G>wasn+ - (A.18b)
The first integral of this equation is
Ty(t) - [1- explesie)] . (1) L
-—BT—-TE—I-(1+G) exp(-G) . (A.19)
It is seen that
Thus, it is determined that
X~1, F+T (exponentially) as £+-= (A.11) .
G~ {exp(-n/272 Le)H1 +...} » 0 as n = ; (A.20a)
and that 6~ -(n/Le)(l +...) as n » - . (A.20b)
Xn- g(14...)+0+ (A.12a) Upon returning to the original dependent vari-
ables, it is seen that, for the convective-diffusive-
region and diffusive-reactive-region solutions
FaTy+(E/Le)(1+...) =T, as £+0- . (A.12b) 9 g

For the diffusive-reactive region, the trans-
formation of variables is {y,t) »(n,t), where

A(Wats. ) =E(E8) [lhe(t) - yi/87e] o (A1)

where E(t;8) is given in (A.3). The domain of this
region is -e<n<e , t>0, such that the burned
exterior region is approached as n+«, The flame
speed is still that given in (A.2) et s_e?_. Again,
note that, as t+0, n+(-y)/8 % and S+ 1.

For this region, the dependent variables are
taken to be

Mots.. ) =8 1T (0 2n,ti. ) [Lroe )] =

BT, (02 2n i) [14 0087 ] (A202)

\
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Y~ [(-5)4..:] +...as §~0-,

Y B"E“Tu)z{(-n)t..}] +...as n=>-=, (A.21a)}

T [eT,) - Certes ] v as £ 0-,

T~ (1+Tu) -B'l[(lﬂu)z{(-n/Le)h..at.. as n-+ -,
(A.21b)

Since n=gE/(1+T )%, the solution for these two
regions, which involved the specification of the
leading-order approximation of the flame speed,
match. In the text, this flame speed, expressed as

S(t) =S(T,(t)iB.K) =
{147, () {247 ()2 expEaru(t)/Z{mu(t)Zl. (R.22)

is employed.
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Appendix B. Polytropic_Law to Simulate_Heat

Transfer Duri-, .ue Combustion Event

in_an Enclosure

If the use of a super asterisk to denote a
dimensional quantity is dispensed with in this
appendix, then, in conventional notation, from
thermodynamics,

dr d(1/p) _
g tPTae O (8.1)

where q denotes the rate of heat addition per unit
mass in the enclosure. Hence, for an ideal gas,

d(n T) d{%n p) _
o ORI S

d(in p) d(gn p) _
dat " 7 Tdt ‘c;q’T : (8.2)

For tractability, let q = -¢ cy T, with the con-
stant € >0; the product ec_ plays the role of a
heat-transfer coefficient.’ Then, if subscript o
denotes the initial state,

-~ P
?dr !in[—%—ﬂ=-e ?—%—f)—=—o—,exp(-et). {B.3)

- ‘p o7 »

o

During combustion, as a rough approximation, if the
constant y > 0, with u distinct from that of (3.3b),
£ zexplut) = QnLJ14= t (B.4)
Po Po

hence, substitution for t by means of (B.4) gives

-e/
exp(-et) = expE % Zn[—sg—]] = {f—] u. (B.5)
o 0

Use of (B.5) in (B.3) gives

1/ %%
[Ll“(”“): )b (2
Po N 0 N ’

=+[1o%]. (8.6)

1

Yu
Since {e/u) >0, Y>v,. That is, the effect of heat
transfer from a fiow with rising pressure may be
simulated by adoption of the polytropic constant
reduced from the adiabatic value. Furthermore,
via (B.6), the polytropic constant may be related
to the heat-transfer coefficient (and a characteri-
zation of the rate of pressure rise).

Appendix C. End-Gas-Autoconversion Criterion

In (2.16)-(2.22), with e << 1 and 8>>1, it is
anticipated that a physically interesting, auto-
conversion-related case entails the following
quantitative relation between the values of the
(more generally, independent) parameters e,B:

2
ez.z_f? exp(-8T_), with T_=0(1). (c.1)
It is convenient to introduce the notation

@E (14T ) elmT - (1-@6)/®C ;

B.=(1+7.)8>8 . (c.2)
Hence, from (C.1) and (C.2),
e=82 @: exnl-g {1- @) (c.3)

The subscript € denotes conditions at which it is
anticipated that chemical conversion may no longer

be neglected in the end gas, although diffusive
transfer remains negligible. This statement may be
more readily noted by rewriting (2.16) and {(2.17)
under (C.1)-(C.3) as

SI =3 ?—TLIG p Y(l +¢’Y) EXD{‘(‘;C(®C - T)/T}‘ (C'A)

—

s i Y (1 + e ¥) expl-B (@~ T)/T) +

=1 (1+KT) d
- . _stL (C.5)
For 0¢7¢% (:>e' the reaction term is negligible;
this interval "is also characterized by the follow-
ing:

0<t<% ,1<p<% , (c.6)

where the definitions of the constants 1¢ and I is
evident. Within this interval, solution is given
by (3.6a,b) in the unburned bulk gas, and by
(3.9a,b) in the unburned end gas. For the typical
values € =2x10"*, B =10, (c.l? gives T =~ 1.31,
(H=0.432, B =23.1; for € =2x10"" but =5 (a some-
what small value), Tg=2.35, H_ =0.299, B = 16.8.
From (2,13, if T4y =300 K, Tho = 2100 K, the, condi-
tion T=H). implies T*=1078 K for =10, T =840 K
for 8=5, The value for T~ used in the text is on
the order of (). =0.4, or T*=1025 K.

Equations (C.4) and (C.5) may be brought into
the classical canonical form for study of transition
to explosion by introduction of the following expan-
sion about the state e:

(1+0)(n_/ @, )
T=B€—7L?z'—‘ -Te) ,Y=1-B€ l@gx(é.7)
T=H_(1+8'®) , p=n_(1+8'1).  (C.8)

Substitution of (".7) and (C.8) into (C.4) and
(C.5) yields to leading order:

)
-g:—=exp(®) , —gwxp(@) +

(y-1) (1+K®e) _g]'[_
Y K®e T

(C.9a,b)

where

(1
x=@® - (Y;l)

+ K(:)e) .
k®,

(c.10)

is an integral. To lowest order at the outset of
the transition, reactant depletion need not be ac-
counted for in the heat balance. Also, it is re-
called that adjustment of the value of y is taken
as a convenient alternative to the introduction of
a heat-transfer coefficient for incorporating
thermal-loss effects during a process in which the
pressure rises in time.

EEEompressional heating exceeds heat loss to walls

in the end gas, for cases of automotive interest.
Hence, the end gas is supercritical in the sense
that pressure and temperature are assured to rise
in time. The concern is whether or not the in-
crease of temperature and pressure in time (from




Incidentally, from (C.1), (C.2), and (C.8), for a
long-enough (say, adiabatic, constant-volume) duct,
e+0, Te increases and(:L decreases; in such cases,
chemical conversion could supplement significantly
compression as a mechanism for unburned-gas preheating.
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Fig. 1 For nominal parametric assignmeats, defined

by (5.1)-(5.3), except that the compression ratio
CR=12, the dimensionless unburned-bulk-gas tempera-
ture T a?g\the dimensionless unburned-end-gas tem-
perature (H, are presented as functions of dimen-
sionless time t, where compression commences at
t=0. When the flame enters the end gas, Tu is no
Tonger defined. Here, the scale for nondimension-
alization of time is 22 ms; T=0 corresponds to

300 K, T=0.2, to 600 K, T=0.4 to 900 K. Augmented
heat transfer from an appropriate portion of the
mixture, the last-to-burn charge (end gas), pre-
cludes any unburned gas achieving a rapid-autocon-
version-precipitating temperature, taken as 900 K.
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Fig. 2 For the case of Fig. 1, the dimensionless
dependent variables pressure p, combustion-chamber
length L, and interface position x; between un-
burned bulk gas and unburned end gas are presented
as fr.ctions of dimensionless time t. When the
flame enters the end gas, x; is no longer defined.
Pressure is nondimensionalized against its initial
value, here 1 atm, and lengths are nondimensional-
jzed against the initial chamber length, here 10 cm.
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Fig. 3 For the case of Fig. 1, the dimensicnless
dependent variables chamber-length L, interface po-
sition xi between unburned bulk gas and unburned end
gas, the flame position x¢, and the fraction y, of
total initial premixture burned, are presented as
functions of time t. The length xg, 'ike xj, is
nondimensionalized against initial chamber Tength,
here 10 ¢m.
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Fig. 4 For the nominal parametric assignments de-
fined by (5.1)-(5.3), except that the ratio of
chemical exothermicity to initial enthalpy K = 3,
the dimensionless temperature T, and the dimension-
less unburned end-gas temperature(f%, are presented
as functions of time t. The scale for nondimension-
alization of time is 22 ms; T=0 corresponds to

300 K, T=0.2 to 620 K, T=0.4 to 990 K (which is
taken as the rapid-autoconversion-temperature to be
avo;ded by augmented heat transfer from the end
gas).
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Fig. 5 For the case of Fig. 4, a presentation
exactly analogous to that of Fig. 2,
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Fig. 6 For the case of Fig. 4, a presentation
exactly analogous to that of Fig. 3.

Table 1. Parametric variations on the nominal (threshold-knock) case®

Case Flame enters end gas (wf = wi) Flame propagation complete (wf = 1)
L T 1" Er b P e
CR = 12 0.082 147.6 0.16 0.13 0.71 45,6 0.35 0.083 143.1 0.15 63.0 1.3604
K=3 0.083 150.5 0.22 0.14 0.41 15.7 0.30 0.088 157.8 0.20 30.3 1.3002
= 51.6 | 0.056 166.4 0.18 0.17 0.87 45.6 0.38 0.057 167.7 0.18 52.6 1.3836
eig = 165° | 0.098 77.0 0.17 0.16 0.83 46.2 0.37 0.099 177.9 0.17 54.3 1.379%

%For the case K = 3, if p& = 1 atm, since T:o = 450 K, then the initial density p;o is reduced to two-thirds
that of the other cases.
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